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Abstract
We consider the cosmological evolution of a brane for general bulk matter content. In
our setup the bulk pressure and the energy exchange densities are comparable to the
brane energy density. Adopting a phenomenological fluid ansatz and generalizations of
it, we derive a set of exact solutions of the Friedmann equation that exhibit accelerated
expansion. We find that the effective equation of state parameter for the dark energy
can exhibit w = −1 crossing without the presence of exotic matter.
1 Introduction
The present cosmological data[1][2] indicate that a significant percentage of the total
energy of the universe is attributed to a component referred to as “dark energy”. Dark
energy is the driving force behind the observed accelerated expansion of the universe.
Its physical origin is largely unknown to this point and the subject of intense theoretical
speculation and research. Among the numerous cosmological models of dark energy are
that of a cosmological constant, exotic forms of matter which violate energy conditions,
such as phantom fields[3] and quintessence[4], as well as modifications of gravitational
theory itself[5]. A cosmological constant is admittedly the simplest among these attempts,
although the huge fine-tuning required for its magnitude makes theorists very uneasy[6].
Independently of the challenge posed by the dark energy puzzle, in recent years, the-
ories of extra spatial dimensions, in which the observed universe is realized as a brane
embedded in a higher dimensional spacetime (bulk), have received a lot of attention.
Ordinary matter is confined on the brane but gravity is free to propagate in the entire
spacetime[7][8][9]. In these theories the cosmological evolution on the brane is described
by an effective Friedmann equation[10] that incorporates non-trivially the effects of the
bulk. Brane models open up new possibilities for the treatment of standing cosmological
issues like the observed accelerated expansion[11].
The existence of a higher dimensional embedding space opens up the possibility of
bulk matter. Bulk matter, since it certainly modifies the cosmological evolution on the
brane, could possibly be a major contributor to the dark energy. Since, by assumption,
we cannot probe the bulk, the cosmological evolution on the brane, modified by the
dark energy through its gravitational attributes, provides us also with a theoretical tool
to study the bulk. It is also possible that the seemingly phantom-like characteristics of
dark energy could arise as a result of the way that bulk dark matter affects the brane
cosmological evolution, even though none of the matter constituents in either the bulk
or the brane has these exotic features[12].
It turns out that both the bulk pressure and the 05 off-diagonal term of the bulk
energy-momentum tensor can enter the cosmological equations and have a major effect
on the cosmological evolution on the brane. Models with energy exchange between the
brane and the bulk have already been constructed[13] and this kind of interaction seems
capable of driving the acceleration under certain assumptions. In this article we consider
the cosmological evolution of the brane in the presence of bulk matter. We adopt a
phenomenological description of bulk matter in terms of a fluid and derive exact solutions
of the effective Friedmann equation with an accelerated expansion profile. We find that,
although the equation of state parameter of the bulk fluid is conventional, for suitable
values of the bulk energy density and the dark radiation constant, the effective equation
of state parameter for the dark energy can cross the “− 1” line.
1
2 General Framework
Consider an Action of the general form
S =
∫
d5x
√
−G
(
2M3R− Λ + L(m)B
)
+
∫
d4x
√−g
(
−σ + L(m)b
)
. (1)
GMN is the 5D metric with signature (−,+,+,+,+) and gµν the 4D metric on the brane.
R is the five-dimensional Ricci scalar, while Λ is the bulk cosmological constant and σ the
positive brane tension. We have included arbitrary matter content both in the bulk and
on the brane through L(m)B and L(m)b respectively. M denotes the five-dimensional Planck
mass. Varying the action with respect to the metric, we obtain Einstein’s equations
GMN ≡ RMN − 1
2
GMNR =
1
4M3
TMN . (2)
The energy-momentum tensor TMN resulting from the above Action is of the form
TMN = T
(B)
MN + T
(b)
MN −GMNΛ − gµν σ δ(y) δµMδνN , (3)
where T
(B)
MN results from L(m)B and T (b)MN results from L(m)b .
Our metric ansatz will be of the form used in [11]
ds2 = −n2(y, t)dt2 + a2(y, t)γijdxidxj + b2(y, t)dy2 (4)
or
GMN =

 −n2(y, t) 0 00 a2(y, t)γij 0
0 0 b2(y, t)

 (5)
so that we have a Friedmann-Robertson-Walker brane geometry with a maximally sym-
metric 3-metric γij. The fifth dimension is denoted by y and the brane is situated at
y = 0. Z2 symmetry is assumed and y takes values in the [−∞, +∞] line. The met-
ric functions n(y, t), a(y, t) and b(y, t) are continuous with respect to y but may have
discontinuous first derivatives at the location of the brane.
For a bulk energy-momentum tensor T
(B)
MN we shall take the matrix
T (B)
M
N =

 −ρB 0 P50 PBδij 0
−n2
b2
P5 0 PB

 , T (B)MN =

 ρBn2 0 −n2P50 PBa2γij 0
−n2P5 0 PBb2

 . (6)
Note the presence of the off-diagonal component T 05 = P5 signifying the flow of energy
towards (or from) the brane. Note also the anisotropic choice PB 6= PB, in general.
For a brane energy-momentum tensor T
(b)
MN we shall take the matrix
T (b)
M
N =
δ(y)
b

 −ρ 0 00 pδij 0
0 0 0

 , T (b)MN = δ(y)b

 ρn2 0 00 pa2γij 0
0 0 0

 . (7)
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Substituting the above ansatze for the metric (5) and for the energy-momentum
tensor (6), (7) into the equations of motion (2), we obtain the equations
3
{
a˙
a
(
a˙
a
+
b˙
b
)
− n
2
b2
(
a′′
a
+
a′
a
(
a′
a
− b
′
b
))
+ k
n2
a2
}
=
n2
4M3
{
Λ + ρB +
δ(y)
b
(σ + ρ )
}
, (8)
a2
b2
γij
{
a′
a
(
a′
a
+ 2
n′
n
)
− b
′
b
(
n′
n
+ 2
a′
a
)
+ 2
a′′
a
+
n′′
n
}
+
a2
n2
γij
{
a˙
a
(
− a˙
a
+ 2
n˙
n
)
− 2 a¨
a
+
b˙
b
(
−2 a˙
a
+
n˙
n
)
− b¨
b
}
− kγij
=
a2
4M3
{
−Λ + PB + δ(y)
b
( p − σ )
}
γij , (9)
3
(
n′
n
a˙
a
+
a′
a
b˙
b
− a˙
′
a
)
= − n
2
4M3
P5 , (10)
3
{
a′
a
(
a′
a
+
n′
n
)
− b
2
n2
(
a˙
a
(
a˙
a
− n˙
n
)
+
a¨
a
)
− k b
2
a2
}
=
b2
4M3
(−Λ + PB ) , (11)
where dots denote time derivatives and primes derivatives with respect to y. The curva-
ture of the maximally symmetric internal space is parametrized by k = −1, 0, 1.
At this point we may choose Gauss normal coordinates , such that b(t, y) = 1. In
addition, we have the freedom to take n(0, t) = n0(t) = 1. After theses simplifications
the junction conditions on the brane, obtained from (8) and (9), are
a′(+0, t) = − a0
24M3
( σ + ρ ) , n′(+0, t) = − 1
24M3
( σ − 2ρ − 3p ) , (12)
where a0(t) ≡ a(0, t) and n0(t) ≡ n(0, t). We have used Z2 symmetry taking a′(−0, t) =
−a(+0, t) and n′(−0, t) = −n′(+0, t).
Considering the last two equations of motion on the brane and using the junction
conditions, we get
ρ˙+ 3 ( ρ+ p )
a˙0
a0
= −2P5 , (13)
a¨0
a0
+
(
a˙0
a0
)2
+
k
a20
=
1
(24M3)2
(σ + ρ) (2σ − ρ− 3p) + 1
12M3
(
Λ − PB
)
. (14)
The first of these equations expresses energy conservation on the brane. For a non-
vanishing P5, energy exchange between the brane and the bulk is present and the energy
3
density ρ on the brane is obviously not conserved. The second equation will provide
us with a modified Friedmann equation on the brane. Notice that the “55” component
of the bulk pressure appears on the right hand side of this equation (14) affecting the
cosmological evolution.
3 Friedmann Equation and Energy Conservation
We proceed by considering equation (14) which determines the time evolution of the
scale factor on the brane. We shall assume an equation of state p = wρ to hold between
the energy density and pressure of matter on the brane. Dropping the subscript “o” and
defining β ≡ (24M3)−2 and γ ≡ σβ, we get [13]
a¨
a
+
(
a˙
a
)2
+
k
a2
= γρ(1− 3w)− βρ2(1 + 3w)− PB
12M3
+
λ
12M3
, (15)
where
λ ≡ Λ + σ
2
24M3
. (16)
We shall make the assumption that the effective 4D cosmological constant λ vanishes
when no matter is present. Thus, we shall proceed taking λ = 0. We shall also be
interested in the low density case, i.e.
(1 + 3w)ρ2 << (1− 3w)ρσ . (17)
Our second order evolution equation (15), with λ = 0, can be cast in the form of two
first order equations, one of which is analogous to the Friedmann equation of standard
cosmology. This can be achieved by the introduction of a dark energy variable χ(t). Our
new set of equations is(
a˙
a
)2
+
k
a2
= 2γρ+ βρ2 + χ − PB
12M3
, (18)
χ˙ + 4
a˙
a
(
χ − PB
24M3
)
− P˙B
12M3
− 4P5(γ + βρ) = 0 . (19)
The pair of these equations1 is equivalent (15).
In addition to these two equations we also have the energy conservation equation
(13). Assuming the low density approximation, our set of equations is
ρ˙+ 3ρ
a˙
a
(1 + w) = −2P5, (20)
1Comparing the first of these equations to our original evolution equation (15), we have
a¨
a
= −χ− (3w + 2)βρ2 − (3w + 1)
Differentiating (18) and using this equation proves (19).
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(
a˙
a
)2
+
k
a2
= 2γρ + χ − PB
12M3
, (21)
χ˙+ 4
a˙
a
(
χ − PB
24M3
)
=
P˙B
12M3
+ 4P5γ . (22)
Equation (21) is the Friedmann equation describing cosmological evolution on the
brane. The auxiliary field χ incorporates non-standard contributions (dark energy) dif-
ferent than the regular matter content of the brane. The bulk matter contributes to the
energy content of the brane through the bulk pressure terms (PB = T
(B)
55 ) that appear
in the right hand side of the Friedmann equation. In addition to that, the bulk matter
contributes to the energy conservation equation (20) through P5 = T
0
5 that accounts for
energy moving from the brane to the bulk or the opposite. The functions PB, P5 are
functions of time corresponding to the values of PB(y, t) and P5(y, t) on the brane. The
energy-momentum conservation ∇MTMN = 0 cannot fully determine PB and P5 and a
particular model of the bulk matter is required. In what follows we shall model the bulk
matter in terms of a phenomenological regular bulk fluid ansatz that leads to analytic
solutions.
4 Digression on Bulk Matter
In this section we shall derive the conservation equations for the components of the bulk
energy-momentum tensor and investigate the constraints of the form of P5 and PB on the
brane for various ansatze and in the particular case of a fluid. Consider the conservation
of the energy-momentum tensor
∇MTMN = 0 =⇒ ∂MTMN + ΓMMRTRN − ΓRMNTMR = 0 . (23)
The “0” component of (23) is
ρ˙B + 3
a˙
a
(ρB + PB) + 3n
2P5
(
n′
n
+
a′
a
)
+ n2P ′5 + δ(y)
{
ρ˙+ 3
a˙
a
(ρ+ p)
}
= 0 . (24)
Integrating around y = 0 and using the Z2 symmetry (P5(+0, t) = −P5(−0, t) ≡ P5(t)),
we reobtain the “05” equation of motion on the brane
ρ˙+ 3
a˙
a
(ρ+ p) = −2P5,
and, in the bulk, the equation
ρ˙B + 3
a˙
a
(ρB + PB) + 3n
2P5
(
n′
n
+
a′
a
)
+ n2P ′5 = 0 . (25)
Similarly, the “5” component of (23) gives
P
′
B + P˙5 + P5
(
n˙
n
+ 3
a˙
a
)
+
n′
n
(
PB + ρB
)
= 0 . (26)
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In the limit y → +0, these equations become
ρ˙B + 3
a˙
a
(ρB + PB) + P
′
5 =
1
8M3
(2σ − ρ− 3p)P5, (27)
P˙5 + 3
a˙
a
P5 + P
′
B =
1
24M3
(σ − 2ρ− 3p)(ρB + PB). (28)
These two equations as they stand cannot limit the freedom of choice for PB(t) and
P5(t), since the unknown functions P
′
5 and P
′
B appear in them. Nevertheless, specific
models for the bulk matter will greatly eliminate this freedom.
As a concrete model let us consider the energy-momentum tensor for a classical fluid
in motion, moving at a speed v along the fifth dimension
TMN = P
(0)
B δ
M
N + (ρ
(0)
B + P
(0)
B )U
MUN , (29)
with
U0 = (1− v2)−1/2, U i = 0, U5 = v(1− v2)−1/2.
Assuming a fluid-type equation of state
P
(0)
B = ωρ
(0)
B , (30)
we get
TMN ≈ ρ(0)B

 ω − n2(1 + ω) 0 v(1 + ω)0 ωδij 0
−n2v(1 + ω) 0 ω + v(1 + ω)

 + O(v2) . (31)
In terms of the standard variables of the previous sections, we have
T 00 = −ρB = −ρ(0)B
[
n2(1 + ω)− ω] , T 05 = P5 = ρ(0)B v(1 + ω) , (32)
T 50 = −n2P5 = −n2v(1 + ω)ρ(0)B , T ij = δijPB = ωρ(0)B δij , (33)
T 55 = PB = ρ
(0)
B [ω + v(1 + ω)] . (34)
Substituting these quantities into equations (27) and (28) we obtain two equations in-
volving ρ˙
(0)
B and ρ
(0)
B
′
. Cancelling the spatial derivative among them, we obtain a single
first order equation for ρ
(0)
B (0, t), namely
ρ˙
(0)
B [ω + v(1 + ω)] + ρ
(0)
B
{
3
a˙
a
ω(1 + ω) + 3
a˙
a
v(1 + ω)2
+
v
24M3
[
3ω(1 + ω)(ρ+ 3p− 2σ) + (1 + ω)2(σ − 2ρ− 3p) ]} = 0 . (35)
The lowest approximation solution to this is
ρ
(0)
B ≈
CB
a3(1+ω)
(
1 + O(vσ/M3) + O(v2)
)
. (36)
This corresponds to
ρB =
CB
a3(1+ω)
( 1 + . . . ) , PB = ω
CB
a3(1+ω)
( 1 + . . . ) , (37)
P5 = v(1 + ω)
CB
a3(1+ω)
(
1 + O(v2)
)
, PB = ω
CB
a3(1+ω)
( 1 + . . . ) . (38)
The dots stand for O(vσ/M3) and O(v2).
From a phenomenological point of view it is possible to generalize this ansatz depart-
ing from its fluid interpretation. For instance, inserting time-dependence in the parameter
v would introduce an extra v˙ term in (35) but the lowest approximation (36) would not
be affected.
5 Exact Solutions and Late Time Acceleration
Let us now return to our set of cosmological evolution equations in the low-density
approximation βρ << γ(
a˙
a
)2
= βρ2 + 2γρ− k
a2
+ χ− PB
12M3
≈ 2γρ− k
a2
+ χ− PB
12M3
, (39)
χ˙ + 4
a˙
a
(
χ− PB
24M3
)
= 4β
(
ρ+
γ
β
)
P5 +
P˙B
12M3
≈ 4γP5 + P˙B
12M3
, (40)
ρ˙+ 3
a˙
a
ρ (1 + w) = −2P5 . (41)
Using the associated equation
a¨
a
= − (3w + 2) βρ2 − (3w + 1) γρ− χ ≈ − (3w + 1) γρ− χ , (42)
we can write a general expression for the deceleration parameter q, which for k = 0 is
q ≡ −
(
a˙
a
)
−2(
a¨
a
)
=
χ + (1 + 3w)γρ
χ + 2γρ − PB
12M3
. (43)
Accelerating behaviour emerges when q < 0.
The time dependence of the scale factor a(t) is determined by the Friedmann equation
(39) which, ultimately, will have a general form
(
a˙
a
)2
= C0 +
N∑
n=1
Cna
n +
N∑
n=1
C−na
−n . (44)
Assuming that we have an expanding behaviour, at late times the right hand side will
be dominated by one term, namely (
a˙
a
)2
≈ Cνaν . (45)
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The resulting late time scale factor is either
a(t) = a(t0)
[
1 − ν
2
√
Cν (a(t0))
2/ν (t− t0)
]
−
2
ν
,
for ν < 0, or
a(t) = a(t0)
(
tr − t
tr − t0
)
−
2
ν
,
for ν > 0. The time tr is the “big rip” time for which the scale factor blows up. Accelerated
expansion can be achieved in a trivial fashion when the dominant term is a constant.
In general, accelerated expansion requires q = −1 − ν/2 < 0 . It is interesting to see
whether bulk matter can induce accelerated expansion in the case that no cosmological
term is present (λ = 0) and ordinary matter is in a standard w = 0 or w = 1/3 phase.
The set of cosmological equations (39), (40), (41) can be solved exactly for the
following general ansatz for the bulk matter pressure on the brane (see also [12])
PB = D a
ν , P5 = F
(
a˙
a
)
aµ . (46)
We shall proceed to obtain the resulting exact solution but we will justify this ansatz
later. Substituting (46) in equation (40), we obtain
χ˙ + 4
a˙
a
(
χ− δaν − ν
2
δaν − γFaµ
)
= 0
or
χ =
C
a4
+ 2δ
(ν + 2)
(ν + 4)
aν +
4Fγ
(µ+ 4)
aµ , (47)
where we have defined δ ≡ D/24M3. Similarly, we can proceed with the integration of
(41) and get
ρ =
C˜
a3(1+w)
− 2F
[3(1 + w) + µ]
aµ . (48)
Substituting (47) and (48) into the Friedmann equation (39), we can write it in a con-
ventional form as (
a˙
a
)2
+
k
a2
=
8pi
3
GN ρeff , (49)
where GN = 3γ/4pi = 3σ/4pi(24M
3)2 is the 4D Newton’s constant and the effective
energy density ρeff stands for
ρeff =
C˜
a3(1+w)
+
C/2γ
a4
− 2δ
γ(ν + 4)
aν +
2(3w − 1)F
(µ+ 4) [3(1 + w) + µ]
aµ . (50)
Notice that for w = 1/3 the T 05 decouples from ρeff .
The acceleration behaviour can be deduced from
a¨
a
= −γ(1 + 3w)C˜
a3(1+w)
− C
a4
− 2δ (ν + 2)
(ν + 4)
aν − 2Fγ(1− 3w)(µ+ 2)
(µ+ 4) [3(1 + w) + µ]
aµ . (51)
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For ν and µ greater than the standard matter exponent −3(1 + w), the bulk generated
terms will dominate at late times. The corresponding late time deceleration parameter
comes out to be
q =


ν > µ −1 − ν
2
µ = ν −1 − ν
2
µ > ν −1 − µ
2
. (52)
Note that the late time deceleration parameter comes out independent of the particular
ratio of the ansatz parameters D/F . This means that even if one of the two bulk pressure
terms vanishes, the late time deceleration behaviour would be the same. This is not true
of course for ρeff which is proportional to −4δ + 4γ(3w−1)F[3(1+w)+ν] .
A justification for the ansatz (46) that we employed can be found in the framework
of the simple fluid model that we analyzed in the previous section. There, we found that
an approximate solution for a conserved bulk energy-momentum tensor lead us to (37)
and (38). The second of them reads
P5 = v(1 + ω)
CB
a3(1+ω)
, PB = ω
CB
a3(1+ω)
.
As we mentioned there, we can adopt a phenomenological point of view and consider a
velocity parameter that depends on time. A measure of temporal development on the
brane is given by the Hubble parameter H = a˙/a, so it would be natural to take v = ζH ,
where ζ is a phenomenological parameter. With this choice, the above approximate
solution takes the form
PB = ω
CB
a3(1+ω)
, P5 = ζ(1 + ω)
CB
a3(1+ω)
(
a˙
a
)
. (53)
Thus, for our phenomenological bulk fluid we obtain the effective energy density2
ρeff =
C˜
a3(1+w)
+
C/2γ
a4
− 2ω
γ(1− 3ω)
CB
a3(1+ω)
+
2ζ(3w − 1)(1 + ω)
(1− 3ω) [3(w − ω)]
CB
a3(1+ω)
(54)
and
a¨
a
= −γ(1 + 3w)C˜
a3(1+w)
− C
a4
+ 2ω
(1 + 3ω)
(1− 3ω)
CB
a3(1+ω)
+
2ζγ(1 + ω)(1− 3w)(1 + 3ω)
(1− 3ω) [3(w − ω)]
CB
a3(1+ω)
.
(55)
For ω < 0, the bulk term is dominant at late times and gives a decceleration parameter
q =
1
2
+ 3
ω
2
. (56)
The corresponding acceleration range is
q < 0 =⇒ −1 ≤ ω < −1
3
(57)
2Where CB ≡ CB24M3 and ζ = 24M3ζ.
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Both contributions to the Friedmann equation different than the brane energy-
density, namely, the dark radiation term C/a4 and the bulk terms, can be interpreted as
dark energy . The effective equation of state parameter for the dark energy w
(D)
eff can be
computed from the prescription[14]
w
(D)
eff = −1 −
1
3
d ln(δH2)
d ln a
, (58)
where δH2 = H2/H20 − Ωma−3 accounts for all terms in the Friedmann equation not
related to the brane matter, for which we have taken w = 0. In our case, equation (58)
becomes
w
(D)
eff = −1 +
1
3
{
4C + 3 (1+ω)
(1−3ω)
[
−4ω + 4
3
ζγ (1+ω)
ω
]
CB(1 + z)
3ω−1
}
{
C + 1
(1−3ω)
[
−4ω + 4
3
ζγ (1+ω)
ω
]
CB(1 + z)3ω−1
} . (59)
The denominator is proportional to the effective dark energy density and should be
positive. In order to achieve w
(D)
eff < −1, we need
4C + 3 (1 + ω)
(1− 3ω)
[
−4ω + 4
3
ζγ
(1 + ω)
ω
]
CB(1 + z)
3ω−1 < 0. (60)
Taking into account that the denominator is positive, we obtain the following lower
bound for the above expression:
4C + 3 (1 + ω)
(1− 3ω)
[
−4ω + 4
3
ζγ
(1 + ω)
ω
]
CB(1 + z)
3ω−1 > (1− 3ω)C. (61)
We want the lower bound to be negative. As already mentioned, in order to get acceler-
ated expansion, ω must be within the range −1 ≤ ω < −1
3
. For this range of values, we
obtain 1− 3ω > 0. Thus, in order to get a negative lower bound, we must assume C < 0.
Clearly, the existence of such a lower bound is a necessary but not sufficient condition
for w = −1 crossing to occur. However, with proper values for the parameters ζ and CB
of the bulk fluid the left hand side of (61) can assume negative values as the redshift z
varies.
Summarizing, we presented a treatment of the cosmological evolution of braneworlds
for general bulk matter content. In our framework the bulk matter pressure and the
energy exchange between bulk and brane are comparable to the brane energy density.
We adopted a phenomenological description of bulk matter in terms of a fluid and using
the ansatz TB
5
5 ∼ a−3(1+ω), TB05 ∼ Ha−3(1+ω) we derived exact solutions of the Friedmann
equation that exhibit accelerated expansion. We found that the effective equation of state
parameter for the dark energy can exhibit w = −1 crossing without the use of matter
that violates the energy conditions.
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